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Abstract. We offer a new method of reduction for a system of point vortices 
on a plane and a sphere. This method is similar to the classical node elimination 
procedure. However, as applied to the vortex dynamics, it requires substantial 
modification. Reduction of four vortices on a sphere is given in more detail. 
We also use the Poincare surface-of-section technique to perform the reduction 
a four-vortex system on a sphere. 

1. Equations of motion and first integrals of a vortex system on a plane. 

Let us dwell briefly on the basic forms of the equations and first integrals of the 
point vortices' motion on a plane. A more complete account can be found in P3G], 
where the hydrodynamic assumptions are also given, under which these equations 
are valid. 

The equations of motion of n point vortices with Cartesian coordinates 
and intensities I\ can be written in the Hamiltonian form: 

r iXl = ^, Ttyi = -^, UK", (1) 
where the Hamiltonian is 

n 
i<j 

Here, the Poisson bracket is 

Sf 1 = V 1 ( d f dg d/ dg \ 
U,9i Z^nKdXidvi dyidxj- 



i=i 



Since equations Q are invariant under the group of motions of plane E(2), they 
have, beside the Hamiltonian, three integrals of motion: 

n n n 

i—l i—1 i—1 

which, however, are not involutivc: 

N 

{g,P}=^r. i , {P,I} = -2Q, {Q,I} = 2P. (5) 

i=l 



2000 Mathematics Subject Classification. 37N10, 76B47. 

Key words and phrases. Vortex dynamics, reduction, Poincare map, point vortices. 



1 



2 



A.V. BORISOV, A.A.KILIN AND I. S. MAMAEV 



Hereinafter, it will be more convenient to use instead of I an integral of the form 

n n 

D - r,| 2 = (£r0/ -P 2 - Q 2 . (6) 

i<j i=l 

From these integrals, one can make two involutive integrals, Q 2 + P 2 and 7; then, 
according to the general theory 0, the system's order can be reduced by two degrees 
of freedom. Thus, the three-vortex problem is reduced to a system with one degree 
of freedom and, therefore, is integrable (Grobli, Kirchhoff, Poincare) [2], while the 
four- vortex problem is reduced to a system with two degrees of freedom. The latter 
problem, generally, is not integrable UJ. 

Effective reduction in the system of four vortices with intensities of the same sign was 
done by K. M. Khanin in He considered two pairs of vortices, for each of which cor- 
responding action-angle variables were selected, while the general system was obtained 
as perturbation of the two unperturbed problems. Applying this procedure for construc- 
tion of the perturbation, he proved (using the methods of KAM-theory) the existence of 
quasiperiodic solutions. As a small parameter, he took the inverse of the distance between 
the two pairs of vortices. 

Reduction in the four-vortex problem in the case when all the four vortices have equal 
intensities and in the case when there are two identical pairs of vortices was done in the 
papers [1] and | l 21 . respectively. A generalization of the latter reduction to the case of N 
vortex pairs is offered in |13| . In |21|. the KAM-theory is applied to the reduced equations 
of the four-vortex problem. 

Reduction by one degree of freedom using the translational invariants P and Q was 
done by Lim in |7j. He introduced Jacobi (barycentric) coordinates (centered, in this case, 
at the center of vorticity) , which have well-known analogs in the classical n-body problem 
in celestial mechanics Note that even this (partial) reduction made it possible to apply 
some methods of KAM-theory to investigation of the motion of point vortices 0. 

In the paper [8], a formal Lie algebraic construction was applied to the case of N 
arbitrary vortices to reduce the system's order by two degrees of freedom. 

2. Reduction on a plane. Let us reduce the system's order by two degrees of 
freedom in the problem of A^-vorticcs of arbitrary intensities. To this end, we will 
use an analogy with the planar n-body problem from celestial mechanics. 

As is well known, in the n-body problem, one starts with elimination of the 
center of mass [3]. To do this, one can introduce the Jacobi variables 

e _ £ _ mxTx + m 2 r 2 £ _ m\V\ + . . . + m re -ir K -i 

£ 2 - r 2 r u £ 3 - t-3 mi +m 2 ' ' ' ' ' €n ~ Vn mi + . . . + m„-i ' 

which define the positions of the bodies in the frame of reference fixed to the center 
of mass miTi = 0). Clearly, a similar procedure in the n- vortex problem (masses 
are replaced with vorticitics nij — > Tj) allows us to eliminate the center of vorticity. 
In other words, we use here the group of translations from [7|^j. The obtained 
reduced system is invariant under rotations (group SO(2)) about the center of vor- 
ticity. In celestial mechanics, the reduction with the rotational symmetry is known 
as Jacobi's node elimination and can be performed in various ways (see [51l2U|h 

In vortex dynamics, the above procedure differs substantially (for the equations of 
motion are the first order differential equations in time) and can be performed by us- 
ing polar coordinates for the Jacobi variables (f^ = cos (pi, £i y = \/2pi sin<p.;) 
with subsequent elimination of the angle of total rotation of the vortex system as a 
whole. 

Proposition 2.1. A planar system of N arbitrary vortices of nonzero total in- 
tensity (y]j—t Tj ^ 0) allows reduction by two degrees of freedom. The canonical 
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variables of the reduced system are 

1 i+2 2^=1 1 k 



qi = Pi+2 - 



whe 



E 



i+2 „ 
k=l 1 k 



Figure 1. 



ipi = lfi+2 - <P2, i = 1, 



,N —2, 



1 



arctg 



i? 



(i-i) 



R 



(i-i) 



i = 2. 



(7) 

(8) 



Here, R^' — — — defines the center of vorticity of the i vortices, while is 

ifte radius-vector of the ith vortex (see Fm/.QJ). 

Proof. Let us first calculate the Poisson bracket of and tpf. 

Efc=l r fc „• o 



N. 



(9) 



If the numerator and the denominator do not vanish, we normalize the variables pi 
so that the qi, ipi found from (J7| are canonical. It is easy to show that if Ei=i r« 7^ 0, 

then the vortices can be divided into a few groups, such that for each group ^k ^ 0, 

fe=i 

i = 1, N- 1. 

Now we show that on a commonn level surface of the integrals Q, P, and D |(SJ|, 
the Hamiltonian @ can be expressed in terms of the variables J7J. Indeed, the 
squared mutual distances My can be expressed in terms of the vectors Sj, i = 
= 1...N, from the ith vortex to the center of vorticity of the (i — l)th vortex' 
subsystem: 



Mi. 



Si Si 



k=j 1^1=1 L I 



« > J, 



n - 



e; : 

eu r, 



(10) 



According to |JSJ, Sj = {^/2pi cos 95$, ^/2pi sin yjj); here, p 2 ; and 92 j are expressed in 
terms of qi , ipi and the angle ipo = f2 of total rotation of the vortex system as a 
whole about the common center of vorticity: 

N ~2 \ „ „ v^* 

d \ Ti + r 2 E fe =i 

(ii) 



P2 = 



,2ELr, 




r« Efe=i Tfc 



-9*-2, 



,7V. 
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Since the squared mutual distances are expressed in terms of all possible scalar 
products, (s,, Sj) = l^jpipj cos((pi — ipj), they do not depend on i/jq. Thus, on the 
common level surface of the system's integrals, the squared mutual distances and, 
consequently, the system's Hamiltonian are expressed in terms of the variables Q . 

□ 

N 

Let us discuss in more detail the special case r, = 0, which has no analog in 

i=l 

celestial mechanics (since bodies' masses are always positive, m, > 0). In this case 
we say that the center of vorticity is at infinity, and the variables J7} are undefined 
(since one of the denominators vanishes). A corresponding reduction is described 
in the following way: 

Proposition 2.2. When X^jLi = 0> ^ e canonical variables of the reduced system 
(those obtained from reduction by two degrees of freedom), pi, tfi, i = 1, . . . , N — 2, 
are given by 

Pi= l^ fc=1 * Pi+u <Pi = t Pi+u i = 1j N-2, (12) 
where pi and tpi are given by ijSJl. 

Proof. As wc showed earlier, the Poisson bracket of and <pi (|SJ| is defined by ©. 
Now we have {pn, <Pn} = 0, while pn and ip^ are the integrals of motion. They 
are related to the standard integrals of motion and © in the following way: 

P = T N ^2p N cos <p N , Q = T Ny / 2p N sinyjjv, D = -T 2 N p N . (13) 

As in the previous Proposition, the squared mutual distances Mij are expressed 
in terms of Sj = {^/2pi cos <pi, y/2pi sin ipi), according to 1)10(1 . Hence, the sys- 
tem's Hamiltonian on a common level surface of the system's integrals depends 
on 2{N — 2) variables, (pi, (pi, i = 2 . . . N — 1), and on the values of the two inte- 
grals, pn and ipw- □ 

There is an even more special (but no less interesting) case: 2j=i = ano - 
D = 0. Since in this case we have three involutive integrals 10} , we can reduce the 
system's order by three degrees of freedom. For example, the four-vortex problem 
yields under these conditions a special case of integrability |171 H5] , while a system 
of five point vortices is reduced to a system with two degrees of freedom. Indeed, 

Proposition 2.3. When Y^f=i^o = an d D = 0, a system allows reduction by 
three degrees of freedom. The canonical variables of the reduced system are defined 
by 0, % = 1...JV-3. 

Proof. As we showed in the previous Proposition, in the case of Ylj=i = ^, 
the change of variables © reduces the system's dimensionality by two. Upon the 
reduction procedure, we obtain the variables p^, ifik, k = 2 . . . N— 1. Now, to reduce 
the system's order by one more degree of freedom, we should the variables Q defined 
now for i = 1 . . . N — 3. Using the methods of Proposition 12. II we can show that, 
on the common level surface of the first integrals, the Hamiltonian is expressed in 
terms of the variables qt, ipi, i = 1 ... N — 3, and depends on the parameters pn 
and tpff. □ 
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3. The equations of motion and first integrals of a vortex system on § 2 . 

For n point vortices on § 2 , the Hamiltonian equations of motion in terms of spherical 
coordinates (pi) can be written as follows |16| : 

9i = {0i,H}, tp i = {tp i ,H}, i = l,...,n, (14) 
with the Poisson bracket 

{^,0080*} = -Jj^, (15) 
where Ti are the vortices' intensities, and the Hamiltonian is 

n = -^J2 r ' Ffe ln ( M * fe ) = ~h ^ T ' iTk ln ( 4i?2 shl2 "t ) ■ (16) 

i<k i<k ^ ' 

Here, R is the radius of the sphere, is the squared distance between the zth 
and the jth vortices, measured along the chord, and 7^ is the angle between the 
vectors from the sphere's center to the point vortices i and k, 

cos 7jfe = cos Oi cos 9k + sin 9i sin 9k cos(ipi — ipk ) • 

Beside the Hamiltonian, the equations 1)14(1 admit three additional independent 
involutive integrals: 

n n n 

F 1 = R r 1 * sin 9i cos (fi , F2 = R sin 0j sin ^Jj , F3 = R cos 0i . 

i=l i=l i=l 

(17) 

The vector f , with components (iq, F2, F3) — F — J2^i r i (where are the 
radius- vectors of the vortices), is called the moment of vorticity, its components 
commuting in the following way: 

{F i ,F j } = ±e ijk F k . (18) 

As in the planar case, the system can be reduced by two degrees of freedom, using 
involutive integrals, eg., F3 and F 2 . 

Thus, for the case of three vortices, we obtain a completely integrable system 
(this system was independently found and studied in |14M15lH5] h The four- vortex 
problem is reduced to a system with two degrees of freedom and, generally, is not 
integrable 

4. Reduction on a sphere. On a sphere, as distinct from a plane, it is impos- 
sible to regard symmetry transformations as translations and rotations (there are 
only rotations); nevertheless, the above reduction algorithm (which generalizes the 
Jacobi reduction) can itself be generalized. As above, we will consider in succession 
the moment of vorticity of two, three, . . . , and n vortices: 

F 2 =r 1 ri+r 2 r 2 , F„ = r 1 r 1 + ... +T n r n = F, 

where r\ £ M 3 are the Cartesian coordinates of the vortices on a sphere embedded 
in M 3 . The squared moments F 2 ,, k = 2, n, have the following (obvious) 
properties: 

1°. all F 2 . commute with each other 

{Fl F 2 n } = 0; 

2°. a squared moment F 2 commutes with the coordinates of all the vortices 
numbered 1,2, . . . , k 

{Flx. l } = {F 2 k ,y l } = {F 2 k ,z l } = 0, i = 1, ...,k. 



(i 
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Thus, the squared moments F\, . . . , f n _i are invariant under the action of the 
group SO(3), commute with each other, and their number is half the dimension of 
the reduced system. Using 2°, it is easy to add some relative angular variables of 
the reduced system to this set. 



F., 




Figure 2. 

Proposition 4.1. A system of N vortices on a sphere, when F N = J2iLi^i r i 0, 
allows reduction by two degrees of freedom, using the canonical variables pi, ipi given 
by 

Pi = F i+1 , tgVi=T- — = — = r, 1= 1, N-2, (19) 

(r i+ i x F i+1 , r l+2 x F i+1 ) 

where ipi *s the angle between the planes (Fi+x, Tj+2) and (Fi+x, t*j+i) (see Fig. 0). 

Proof. 1. It can be shown straightforwardly from (|19|l that the variables pi, ipi 
commute in the following way: 

0~ij 

{Pi ,Pj} = {i>i,^j} = 0, {Pi,i ) j} = ^- ( 20 ) 

2. Then we show that on the common level surface of the integrals Fn, the 
Hamiltonian i|ltjfl can be expressed in terms of the variables (|19H . Since r< and Fi, 
i = 2, . . . , TV, are linearly related: 

n= ^-(Fi-Fi-x), i = 2,...,N, 

1 i 

the squared mutual intervortical distances My can be expressed in terms of scalar 
products of Fx = Txfi, F2, ■ ■ . , -Fjv- So, to prove the Proposition, it is sufficient 
to show that these scalar products on the common level surface of the integral Fn 
are completely defined by the variables (|19|) . 

Consider an algorithm for construction of the vectors Fi, i = 1 . . . N — 1, using 
the known variables lj*H?)) and the values of Fat. By construction, the angle ipi-i 
is the angle between the planes (Fj_i,rj) and (Fi_i,ri_i), or, what is the same, 
between the planes (Fj_i, Fi) and (-fi-i, ^-2)- Hence, 



{Fi-x, -F\-2) 

Fi-2 = F^x ^ h [tii sin +n 2 cosVi-2 



\ 



^•-2 F 2 



Jj x Fj-! Fj-x x (fi x Fj-x) m) 

ni \FiXFi-x\' ^ \Fi_x x (Fi xFi_x)\' { ' 
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Using the definitions of Fi and p% (|19|l . we find that 

(F i ,F i _ 1 ) = ±(p*_ 1 +p*_ 2 -TlR 2 ), Ff=ptx. (22) 

Substituting these relations into 1)21(1 . we obtain the recurrent expression for F^ 2 
in terms of -Fj_i, Fi, pi, and ip^. 

Pi-2 + Pi-a - r f-i^ 2 / \ 

Fj_ 2 = Fi-i —5 1- ni smipi-2 + n 2 cosipi- 2 x 



\ 



Pi-3 T~ 2 1 * = 3, ...,JV, 



4p 



-2 



(23) 

where p = = T\R. 

With ((23(1 it is easy to show that 

F i = a i F N +l3 i F N _ 1 + li F N xF N _ u i = l,...,N-2, (24) 

where the coefficient , /J; , % are expressed in terms of the coordinates ljT§|) . Hence, 
all the scalar products (Fi, Fj) are expressed in terms of the coordinates (|19|l and 
the values of (F N , F N ), (-Fjv-i, -Fv-i), and (Fjy, Fn-i)- Using (|2~2"|) . we can 
express these values in terms of the coordinates ((19(1 and the constants of the inte- 
grals -Fat. In this way, the scalar products (Fi, Fj) (and, consequently, the mutual 
intervortical distances) would depend only on the variables (11911 . Hence, the vari- 
ables (|19f) allow the reduction by two degrees of freedom. □ 
Let us now discuss the special case of further reduction by one more degree of 
freedom. This reduction is quite similar to the case of planar motion of the vortices 
with Ylf=i = 0, D N = 0. We have 

PROPOSITION 4.2. When F N = Y^i=i^i r i = 0, the system (|T4"|) allows reduction 
by three degrees of freedom. The canonical variables of the reduced system are given 
by (0 within 1, JV-3. 

Proof. To prove the Proposition, we show, as in the previous case, that the scalar 
products (Fi, Fj) depend only on the variables pi, tpi, i = 1, . . . , N — 3. 
Using (|23|l . the vectors Fi can be expressed in terms of F^-i and Fm-2'- 

Fi = etiFx-i + %F N - 2 + 7**V-i x F N - 2 , i = l, N -3, (25) 

where on, Pi, and 7, depend on the coordinates pi, ipi, i = 1, . .. , N — 3. Thus, 
the scalar products (fj, Fj) are expressed in terms of the coordinates pi, ipi, i = 
= 1, N - 3, and (Fjv-i, Fjy-i), (-Fjv-2, F N - 2 ), and (-Fjv-i, F N _ 2 ). Here, 

Fn^i = —T^rx, therefore, pjv-2 = | jFjv 1 1 = -R|rv| is an integral of motion. 

Hence, using J22J), we can express the scalar products (-Fjv-i, Fjv-i), (Fn-2, jFjv-2), 
and (fjv-i, Fn- 2 ) in terms of pi, ipi, i = 1, . . . , N — 3. In this way, the mutual 
intervortical distances depend only on pi, ipi, i = 1, . . . , TV — 3, and the transfor- 
mation 1(19(1 allows the reduction by three degrees of freedom. □ 
Note that under the specified conditions, a four-vortex system on a sphere is 
integrable 0E|- 

5. Explicit reduction of a four-vortex system on a sphere. Now let us 

present a reduced system of four vortices on a sphere in explicit form. The sys- 
tem's Hamiltonian is expressed in terms of the mutual distances by 11161 . The 
mutual distances between four vortices on a sphere, given in terms of the canonical 
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variables of the reduced system ({pi,ipj} = R i,j = 1,2) and the squared 

integral F 2 = F 2 = c 2 = const read: 



{T 1 +T 2 fR 2 -pl M {(T 2 +T 3 ) 2 - T 2 )R 2 ~ p 2 + 2{FiF 3 ) 

M\ 2 — ^— = , M 23 = 



Mi 



rir 2 

((r 1+ r3) 2 -r|-rl)i? 2 +/0 f - 2(f 1 , f 3 ) 



r 2 r 



21 3 



M u = 2R 2 +2 



(F 1 ,F 3 )-(F 1 ,F) 



34 



rir 3 

(r 3 + r 4 ) 2 i? 2 -p 2 -c 2 + 2(F 2 ,F) 



rir 4 



r,r 



314 



(26) 



M 24 = 



(2r 2 r 4 - Tj)R 2 +pj+p 2 2 - 2{F 2 , F) + 2{F U F) - 2{F ll F 3 ) 

r 2 r 4 



Here, the vortices' intensities are arbitrary. The scalar products are: 

(F 1 ,F 2 ) = \{p\ + T 2 R 2 - T 2 2 R 2 ), (F 2 ,F 3 ) = \{p\ +p\- TlR 2 ), 



(F 3 ,F) = ±(c 2 +p 2 -r 2 R 2 



(F 2 ,F) = 



(F 3 ,F)(F 2 ,F 3 ) 



P\ 



c 2 ~ 



(F 3l Ff 
Pi 



(Fi,F 3 ) 



(F 2 ,F 3 )(F 1 ,F 2 ) 



Pi 



2 (F 2 ,F 3 ) 

P 2 - 



Pl 



COS '02 <i 



COS 01 



p 2 p 2 -{F 2l F 3 f 
\| p 2 c 2 -{F 3 ,F) 2 



p 2 T 2 R 2 -(F u F 2 f 



(Fi,F) = 



(F^F^F^F^ 

Pi 



(F 3 ,F)- 



\J p 2 p 2 -(F 2l F 3 ) 2 ' 
(F 2 ,F)(F 2 ,F 3 ) ^ 

- cos^ix (27) 

Pi ' 



p 2 T 2 R 2 ~{F U F 2 ) 2 sin 0! sin ^ 2 



\ p 2 p 2 -{F 2 ,F 3 f 



Pi Pi 



(plTlR^-(F 1 ,F 2 f)(p^-(F 3 ,Fy). 



6. The Poincare section of a four-vortex system on a sphere. The obtained 
systems of reduced canonical variables can be applied to various analytical and 
numerical studies. Consider, for example, chaos in the system of four vortices on a 
sphere. 

Below, we present Poincare surface-of-scction plots for a reduced system of four 
vortices on a sphere. As far as we know, such maps have not been plotted before. 
As a plane of section, we choose ipi = const. The intersection between this plane 
and the isoenergetic surface H(pi, ipx, p 2 , ip 2 ) = E = const is some two-dimensional 
surface (generally, disconnected) in the space pi,p 2 ,ip 2 . The system's phase flow 
on this surface generates a Poincare map. As a rule, the surface is complicated, 
therefore, we give here a 3D view of the Poincare map without projecting it on a 
plane. 

Remark 1. Construction of a Poincare section in three-dimensional space allows 
us to ignore various singularities of the projection and does not result in emergence 
of fictitious objects, mentioned in ^21 (namely, crescent- shaped tori, which are due 
to the projection's singularities). 
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I* 



! 1 v\ 



Figure 3. The Poincare maps for the problem of four vortices of equal intensities on a 
sphere, D = 3.55. The plane of section is tpi = — . The energy values are: E — 0.8 (Figs, 
a and b), B = 0.67 (Figs, c and d), E = 0.64 (Fig. e). 
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Figure |31 shows the phase portraits in the space pi,p2,ip2 for the case of four 
equal vortices and D = 3.55. The plane of section is Vi = \- The energy values 

are: E = 0.8 (Figs, a and b), E = 0.67 (Figs, c and d), E = 0.64 (Fig. e). 

Note that for small (close to the Thompson configuration), as well as for suffi- 
ciently large, energies, the system's phase portrait is almost regular (Fig. |3] a, b, 
e). While for intermediate energy values, the system's phase flow becomes almost 
completely chaotic (Fig. c, d). 

This work was supported in part by CRDF (RU-M1-2583-MO-04), INTAS (04- 
80-7297), RFBR (04-205-264367) and NSh (136.2003.1). 

References 

[1] A. V. Borisov, I. S. Mamaev, Mathematical methods of vortex dynamics, in "Funda- 
mental and Applied Problems in the Theory of Vortices," A. V. Borisov, I. S. Mamaev, M.A. 
Sokolovskiy (Eds.), Moscow-Izhevsk: ICS 2003, 17-178 (in Russian). 

[2] P. K. Newton, "The 7V-vortex problem. Analytical Techniques," Springer 2001. 

[3] C. L. Charlier, "Die Mechanik des Himmels," Berlin: W. de Gruyter & Co. 1927. 

[4] K. M. Khanin, Quasi-periodic MOTIONS OF VORTEX SYSTEMS, Physica D, 4 (1982), 261-269. 

[5] V. V. Kozlov, "Symmetry, Topology and Resonances in Hamiltonian Mechanics," Springer 
1996. 

[6] S. L. Ziglin, Nonintegrability of the problem on motion of four point vortices, Dokl. 

Akad. Nauk SSSR, 250 (1990), no 6, 1296-1300 (in Russian). 
[7] C. C. Lim, Graph theory and special class of symplectic transformations: the gen- 
eralized Jacobi variables, J. Math. Phys., 1991 (32), 1-7. 
[8] A. V. Bolsinov, A. V. Borisov, I. S. Mamaev, Lie algebras in vortex dynamics And ce- 
lestial mechanics — IV, Reg. & Chaot. Dyn., 1999 (4), no 1, 23-50. 
[9] A. V. Borisov, I. S. Mamaev, "Poisson Structures and Lie Algebras in Hamiltonian Mechan- 
ics," Izhevsk: Publ. House of Udm. Univer. 1999 (in Russian). 
[10] C. C. Lim, A combinatorical perturbation method and Arnold's wiskered tori in 

vortex dynamics, Physica D, 1993 (64), 163-184. 
[11] A. A. Bagrcts, D. A. Bagrcts, Nonintegrability of two problems in vortex dynamics, 

Chaos, 1997 (7), 368-375. 
[12] H. Aref, N. Pomphrey, Integrable and chaotic motions of four vortices. I. The case 

of identical vortices, Proc. R. Soc. London. 1982 (380 A), 359-387. 
[13] B. Eckhardt, H. Aref, Integrable and chaotic motion of four vortices. II. Collision 

dynamics OF vortex pairs, Phil. Trans. R. Soc. Lond. 1988 (326 A), 655-696. 
[14] A. V. Borisov, V. G. Lebedev, Dynamics of three vortices on a plane and a sphere — 

II. General compact case, Reg. & Chaot. Dyn., 1998 (3), no 2, 99-114. 

[15] A. V. Borisov, V. G. Lebedev, Ddynamics of three vortices on a plane and a sphere — 

III. NONCOMPACT CASE. PROBLEMS OF COLLAPS AND SCATTERING, Reg. & Chaot. Dyn., 1998 

(3), no 4, 76-90. 

[16] V. A. Bogomolov, Dynamics of vorticity at a sphere, Fluid Dynamics, 1977 (6), 863-870. 
[17] V. V. Kozlov, Integrability and nonintegrability in Hamiltonian mechanics, Russian 

Math. Surveys, 1983 (38), 1-76. 
[18] B. Eckhardt, Integrable four vortex motion, Phys. Fluids. 1988 (31), 2796-2801. 
[19] R. Kidambi, P. K. Newton, Motion of three point vortices on a sphere, Physica D, 1998 

(116), 143-175. 

[20] A. Wintner, "The Analytical Foundations of Celestial Mechanics," Princeton University Press 
1941. 

[21] A. Celletti, C. Falclini, A REMARK ON THE KAM THEOREM applied to a four-vortex 
problem, J. Stat. Phys., 1988 (52), 471-477. 
E-mail address: borisov9rcd.ru 
E-mail address: mamaevOrcd.ru 



